(iii)
()
v)
(vi)
(vi:')

E |
N |

(viii)

(ix)
(x)

Now integrate it to get one indepen
§ And the other independent solution can o
| milipliers or by taking two member
|  Eample 3. Find the general solution 0

U}

%ol (i) We are given the differen

- wherefis any arourary runction
| R .

n the next example, we find the solution of P p + Q g =R
by the following formula (from algebra) i.e. ()

de _dy _dz_Sde+Tdy+Ud:
P Q R PS+QT+RU

where S, T, U are some functions of x, V2 :
If S, T, U are chosen in such a manner that (known as multipliers) PS+QT +RU = 0
Then we have Sdx+Tdy +Udz=0 \ |
endent solution of (1) as u(x,y,z)=a.

btained either by selecting another set of

s of auxiliary equations. ki

f following lagrange’s linear equations

-»pt (x-2)g=y—%

(F+Pp-xya=-2%
J‘f(v—Z)pﬂ”y(z'—x)q”("'y) |
P (y-)p+y =24~
xﬁ—ﬁpfﬂfdﬁWW@Lf)
(y_+xé)p_(x+yz)q=x2—y2

1

11 - -l-é-l—)q=-,-1——-—'
Z'—‘-; P x 7 y X
(32__4y)p+(22,4x)q=3x~2y

(Bz-y»pt (¥ ,
tial equation

(z..'_y)p‘*‘(x"’z)qﬁy-x ) .'

Ax-y)

x—a z)q=ay-'ﬁx-

(i) zGp-gN =V =%
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Compare it with Pp+ Q47 R
Here P=z-y, Q=x-5R=¥~%
The auxiliary equations are

& dy _ %
sy x-z y-¥

Taking multipliers as 1, 1, 13 each of fraction of (1
de+ dy + dz _ dx+dy+dz
TG priE-+1=%) 0
de+dy+dz=0 ‘
- Integrating, x+y+z=a
Further taking multipliers as x,», 2 » each of e
xdx+ydy+zdz _ xdc+ydy+zdz

fraction of (i) = 0

x(z—y)+y(x—2)+2(y—x)
xdetydptzdz=0 = 2xditlydy+2zdz=0

Integrating x* +y*+2°=b
From (ii) and (iii), we get u=a and v=>
where u (x,3,2)=x+y+2,v (1,),2) ¥+y 42
The gene_ral_éolution is given by
faty+n R+ +A=0
where fis any arbitrary function. ! ‘
(i) Weare given differential equation
z(xp-gy=y'-x o zxp-zyq=y'-x
Compare it with P p +Q ¢ =R where ity
P'=éx;Q=—zy;R=y2—‘x2
The aﬁxiliary equations are . |
Cdv _ dy =‘ P
m —zy 2 _y2

- .Taking multipliers as x,y,z ; each of fraction of (i)

xd¥'+ydy+zdz | _xdstydyrzde
‘ . zx2_zy2l+z(y2‘_x2) ) 0
xditydy+tzdz=0

= 2‘xdx+2yay+22dz=0
Integrating, Py +l=g
. Taking first two members of (;)
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zx zy
x . ¥
guing, 10813 #1081 =log
, log [x|lyl=logle] = |x||y|=|c|or |xy|=(c
> xy=te=h lxy1=(0)
xy=b
from (ii) and (ii7), we have g gandy=b .. (i)
ghere ¥ %, ) =x*+y*+ Z2and v (x,,2)=xy
The general sol is given by '
f(x2+y2+ 2,xy)=0
ghere f1s 8y arbitrary function
(lify We are given the differential equation
GR+P)p-xyq=-z¥
Compare it with Pp+Qg=R
HereP=y2'+z2andQ=_xy,R=_zx
The auxiliary equation are '
I S
Pdg? R T | e
Taking X, ), Z 88 multipliers ; each of fraction
of@ xdx+yajz+zldz _ - xdx+yq§7+zdz
x(y2+22)—-xy2—z > S 0
xde+ y-aj)+zdz=0 = 2xdx+2ydy+22dz=0
]ntegrating )c2 + yz-i“z2 =da ; i ...(i0)
Taking last two members of (i), we get
& _%
y z . -
Integrating | log |¥1= | log | 2 | +logl el ‘ :
> 10g|y|=log|zllc| | *lyI:IZ_!'ICI:lCZI
» y=icz=bz(533’) '
i Y =b .. (i)
z i -
t U= andv ="

From (i) and (iif) We &°
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(,’:. }’n e 4 i

W L 2 _2 v
r[lCl‘e U (_1_" y, -) =y _{.J| -+ and

The general sol of given equation 15

;

o (xz +y2 +zz,“:J1’0-

(iv) We are given the d ifferential equation

.1‘(3'_::'),04‘)’(:—1')(]?‘7():#—)’) pay(y=3)
N +0 g =R where =x{y=
. Compare it with Pp+Qg Q=y(z~x)

R=z(x-y)

The auxiliary equation are
dx dy __ dz . . |
x(y-z) »(-x z(x-)) ' - o
Taking 1, 1, 1 as multipliers ; each of fraction of (/)
, dx+dy+dz

T Tx0 -+ lyE-n+lzE-)

_dxt+dy+dz
0

>  de+dp+dz=0

Integrating x +y+z=a A

Taking l,_i,l as mulfiplie'rs - each of fraction of (i)
xy'z food o

M g Lo~ wf s A e
_ Eer - P NE e A
- 1 o | 0
lx(y—z)+——y(z—x)+—z(x—y) 54
BT in i P AP 4 . D :
& bz _,
x y z , .
Integrating log | x |+ log |y | +log |z | =log| ¢|
= - log|x||yllz|=log|c| ‘
> - loglxyz|=log|c|
= xyz==%®c=bsay " ' o ‘
_ (i

> - x' ye=h
From (#i) and (iii), the general sol is
given byf(x+y+z,xyz)=0.
(v) We are given the differential equation
P (y-Dp+F E-x) =2 (x-y)
Compare it with Pp + Qg =R '
where P=x (y—2), Q =)’ (z-x),R=2*(x—y)
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Slary equati )

xiliary equation s are -
de dy _dz

dy
p Q R

S TRTTT— = ([Z
5l
26

111 ;
g —,—,— as multipliers -
“‘ny o i
kS 7y Pliers ; each of fraction of (1)

1 ,. 1

_dr'{“dy*‘ldz

X .y z

" d 2 L
1

_2'4}—_',_-'+-i_)2-__.. 12
-~ (y—2) .yJ (z .\)+:z_ (x =)

1 ]
—dx +—dy + ‘ dz

1 1
R o
% y z x(

c?f\-'+ld:
. * . = Jr :
x(y-2)+yz-x)+z(x~-y) 0

L 1 ' -
ldx+—1-dy+—dz =0
T N
 Integrating = log |x|+log|y|+log|z|=log|c|
 =>log|x|lyllz| =logle| = log|xyz|=logle]
= |xyz|=|c| = xyz=*tc=asay i _
: ' ; i ...(id)
=  Xyi=d 8 : '

AN ' iplier then each of fraction of (if)
Taking —»=—5>"7 as multipliers , then .
: Pl (b Y | |
‘ 1 cix+-—1¥d:+—1—dz A
FET Y2

_ __/ . 0

jx—zdx+jy;2éb’+
-1 -1 T ' i)

s and V7= b
From (ii) and (iii), W€ u=4at )
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" Compare it with Pp+ Qg=R

where u (xy,2)=XY?

The general solution is given by

1
y. *
itrary function.
fferential equatlon .

2_xh)gq=z( 2-y")

where fis a any arb
(vi) Weare given the di
(- ptye
TS rge.

Here P=x(y 2_7),Q=y( 22, R=z(x "'J’)

The auxiliary equations aré

PR A ) S
_ , i

s (Poz?) y(@ 2D 2@ -yY)

Taking multnphers as _1_,_1_ 1, -each of fraction of (7)
Xy z
IR A | 1
1 ' .
L)l pe? ~ x4 22(2 =52) e d
; :
~dx+lajz+—dz
0
1 .
Ypslar-—a =
» - R
Integrating]og'|x|+log|y|+log|z|=log|c|
> log|x||yllz|=log|c| |
* log|xyz|=log|c|
> [xyz|=|c|orxyz==%c=asay
> xyz=a U
Taking multiplies as x, y, z ; each of fraction of 0)
g xdx+
x2( 3 2o 2 y2@+2dz s xdv+yM
yo=z9)+y°(z —-x2)+22(x2;_y2) 0 \

= 2xdx+2ydy+2zdz=0

xdxtydy+zdz=0

Integrating, we get x*+)? + 22 =p
From (/) and (i), we get u =g and v = p

where u (x,7,2) =xyz and v (x,y,2) = x* 4 y* + 2
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TYPE -IV
In the next example, we find the solution of PP+ Q g =R by the fo""wing

; f
ie., Kb“ﬁ

p-Q R  Ps+QT+RU 1

ions of &y 2 If the multipliers S,T,(y 4
ATe el
kai

U dz is exact differential of a factor of pg,
Sdx+Tdy+Ud: ‘E.

Then we consnder two members of (1) On€  —5e" A RU and othe, R

tion. And the other mdependem solutj

r set of multipliers or by taking twq m";:ﬂ

where S, T, U are some funct
such a manner that Sdx+Tdv+

chosen to get one independent solu
obtained either by selecting anothe
auxiliary equations.
Example 4. Solve the following Lagrange
) Q+pp+r+0g=:
(i) xp+gqz==y
) zp+xty-2)g=-12
(vii) pcos(x+y)+gsin(x+y)=z
(ix) (yt)p+@E+tx)g=x+y
@) (Ptyz+d)pt(@Hzxtx Yg=( +xy+y)
Sol. (i) We are given the differential equation
(1+y)p+r(Q+x)g=z
Compare itwifth+Qq=R '
HereP=1+y,Q=1+x,R=z
The auxiliary equations are

s linear equations for their general ol
(i) xzp+yzq=xy
(v) *+))p+Q2xy) 9=(x1,
(i) yptxq=z '
(viii) (x2 —y2)p+ (¥ -zx) g=7.,

Taking first two members of (i), we get
(+x)de=(1+y)dy

> 2R E=2(1+)d
Integrating, ~~ (1+x’=(1+y’+a \ .1
> - (2P =4 =a 4

detdy dx+ajz

Each of fraction of (i) = .
e 1+y+1+x x+y+2
Cdivdy _d _ dx+y+2)_d
. x+y+2 =z x+y+2 2, .
Integrating 10g|x+y+2l=10g12|+‘10g|c|=logl-z|Icl=10g!”'
= |x+y+z|=|zc]|
o x+y+2 =fcz=bz
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b

4

) and (iii), General sol is
fr0
given oy’ -

'f((l +2)° ~(l+ .1,)2,;‘13_’12_] s
i< any arbitrary function,

whef;-c are given the differential equation

0 xiptYEq=xy

Combafe itwith Pp+Qg=R

e P -yz,Q=yzandR=xy

The auxiliary Equations are

de _dy _

vz vz Xy

"= 11 : \
Taking mu]tlpllers- as ;,;,0; each of fraction of (i)

Chelmang - 22
x ). Ly

i 1 2z
l(xz)+—(}=z)+0.xy
X ¥y 2

b, dy . |
Ty _d o yditxdy_ &
5. . xy . 2zxy XY
IR =ydx+xaﬁ’?22dz
e B day)=d@)

, 5 8
Integrating xy =2 +4d

: o Xy A=
Now taking first two members of ().
we get ‘;"- y '

Integrating, log | x | = log 1y | +1081¢ |

> 1og[x|=10g|»J’||‘c|
s Jxl=ipllel = [x1=1€Y

or ﬁ:b
y

o (i)

eiabd )

...(i0) ‘

.. (iii)
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eral solu
From (i) and (iii). we get the gen

- 1R i I
f(w) 0

i jon as
ven the differential equatiot

(iif) We are gi
xp+zq=-Yy
Compare it with Pp + Q4= R
HereP=x.QxzandR=-YV
The auxiliary equations arc
(iu". -“'—(—{'E = -.—(—1“:.
X - - —J’
From last two members of (i). we get

ydy=-zd = 2ydy+2;d:=0

' :
Integrating y* +z° = |
W ipli o of (i
Now taking multipliers as 0, z, =V each member (9

Ody+zdy—-yd: _ zdy-ydz _z z &
- S I 2 »Y
Ude” ¥ ol ]+[Z) 4| =
: ” z
{2
we have == —-—?—2— (Taking first member ofj
x )2
EG
: . L g Y st
Integrating log | x| = tan = +log b
> log]x|-logh=tan"' L
T logm=tan‘ll
b z
b . & tan”' Y e
T : _
z

From (ii)l and (iif), we get general sol as’

. X
o }’2 + 22, x| =0,
' tan~12
e z

(iv). We are given the differential equaﬁm i s |
(x2+y2-)p+2xyq=(x+.y.)z
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RSTORDER ;
o re1tw1tth+Qq R \ " in
(0 ¥+ and
H‘ P ( y) Q 2xy,R (x+y)z
~ The auxiliary equations are
x4y 2xy (x"‘y)z

' (i) |
akngm“mphers 281, 1,0 each of member of | ’i
' ‘i"+dJ’+0dv |
l(x + ) T\‘=M“d(2wy) . ; :
sk o xy)+0(x+y) (x+y)2 ‘“Ey—)z- i)
d(x+y) TR - Do _
C (k) (x+y)z.
dx+y) _ &
alx+y)
» x+y &
ptegrating log | x +y | =log|z|+log| |
., . log|xty[-log|c|=log|z|
& A LTI
: log ——=1
> A . .' og | 0g|z|
" M—[z\or x+y‘=|c\
B z |
PN b +c a say
z
(i)
x+y . .
z

liers as 1, —l 0 each of member of (7) |
g P et ) B (19
dx —dy+0dz - ),
e -2eyt0 @

Taking multl

Ffom (i) and (iv)
dx+y) _ _{I_Sf_:_%l
C(x+ o o(x- y)

Integratmg, we get

~2+1
1
ey =P _—+b
e ~2+1
-2+1 |
1 ,__J—-+b
3> a8 — _
X+ Y =y
x-y xtJ)
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